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Abstract— This paper investigates reachability analysis for
max-plus linear systems (MPLS), an important class of dynami-
cal systems that model synchronization and delay phenomena in
timed discrete-event systems. We specifically focus on backward
reachability analysis, i.e., determining the set of states that
can reach a given target set within a certain number of
steps. Computing backward reachable sets presents significant
challenges due to the non-convexity of max-plus dynamics and
the complexity of set complement operations. To address these
challenges, we propose a novel approximation framework that
efficiently computes backward reachable sets by exploiting the
structure of tropical polyhedra. Our approach reformulates the
problem as a sequence of symbolic operations and approximates
non-convex target sets through closure operations on unions
of tropical polyhedra. We develop a systematic algorithm that
constructs both outer (M-form) and inner (V-form) represen-
tations of the resulting sets, incorporating extremal filtering to
reduce computational complexity. The proposed method offers
a scalable alternative to traditional DBM-based approaches,
enabling reliable approximate backward reachability analysis
for general target regions in MPLS.

I. INTRODUCTION

Max-plus linear systems (MPLS) are a class of discrete-
event systems that operate over the max-plus algebra, where
the addition operation is replaced by the maximum and the
multiplication operation is replaced by conventional addition
[1], [2]. It captures the synchronization and delay phenomena
in timed discrete-event systems and is related to timed
event graphs [3], [4], a subclass of Petri nets where each
place has exactly one input and one output transition. These
systems are particularly useful for modeling and analyzing
scheduling problems [5], manufacturing systems [6]-[8],
and transportation networks [9]-[11], where the focus is on
determining the occurrence times of events under precedence
constraints.

In the context of MPLS analysis and control, reachability
analysis is one of the most fundamental problems. For
instance, given the current state of the system, one may need
to compute the set of states reachable at future time instants,
either under a specific control sequence or all possible inputs.
This is known as the forward reachability problem, which
frequently arises in applications such as model predictive
control [12], [13]. Conversely, some applications require
computing the set of states that can reach a given target state
or region within a certain number of steps. This is referred
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to as the backward reachability problem and is particularly
relevant in safety analysis, where identifying invariant sets is
critical for ensuring system stability and performance [14],
[15]. Both forward and backward reachability analyses offer
essential insights into system behavior, enabling the design
of effective control strategies and ensuring compliance with
safety constraints.

In the literature, many existing works have studied reach-
ability analysis for MPLS. For example, in [16], the au-
thors extended the concept of geometric invariance from
conventional linear systems to the max-plus setting. They
characterized invariant semimodules over an infinite horizon,
providing valuable insights into the asymptotic behavior of
MPLS. However, this approach primarily addresses infinite-
horizon invariance and cannot directly compute reachable
sets at finite time steps. For finite-horizon reachability com-
putation, several alternative methods have been proposed.
For instance, [17]-[19] leverage difference-bound matrices
(DBMs) and piecewise affine systems to partition the state
space into multiple regions, computing local reachable sets
within each region. However, since DBMs divide the state
space into exponentially many regions, the computational
complexity grows prohibitively high, particularly as the
system dimension increases.

More recently, the authors in [20] proposed a novel charac-
terization of a class of sets in MPLS called tropical polyhe-
dra, demonstrating that they can be efficiently represented
using a generating set of basic vectors. Building on this
result, [21], [22] investigated reachability set computation
via tropical polyhedra. Specifically, they investigated (i) the
forward reachability problem for polyhedra-represented state
sets, and (ii) the backward reachability problem from a
single point, which is useful for state estimation within their
framework. However, it still remains an open question how
to compute backward reachability from a general set repre-
sented by polyhedra. This problem is particularly important
in applications such as safety analysis, where it is necessary
to propagate the safety region rather than focusing solely on
a single point.

In this paper, we address the challenging problem of
computing backward reachable sets in max-plus linear sys-
tems. This problem is fundamentally more difficult than
the forward reachability problem studied in [22], as one
needs to consider all possible pre-images of a target set
(instead of a point) under max-plus dynamics, which of-
ten involves solving non-convex set-valued equations and
handling set complements. Specifically, we tackle this chal-
lenge by developing a novel computational framework that



efficiently approximates backward reachable sets through
a combination of set operations and symbolic propagation
techniques. Our approach goes beyond the basic setting
by allowing complement operators to represent target sets.
However, in such cases, explicitly computing the backward
reachable set becomes significantly more difficult, as the
boundary of the set may become highly irregular or non-
polyhedral. To address this, we further propose a new
technique based on tropical polyhedras, which allows us
to efficiently approximate generalized reachable sets that
involve complements or unions of basic sets. In summary,
our method provides a computationally efficient and scalable
approach to approximately computing backward reachable
sets in max-plus linear systems, extending beyond traditional
polyhedral representations and supporting a broader class of
target sets.

The rest of the paper is organized as follows. In Section
we recall the definitions of max-plus linear systems,
tropical cones, and polyhedra, which are necessary for later
use. In Section we characterize the MPL system and
define the backward operator. In Section [[V] we introduce
the framework of our method. In Section [V} we provide the
details of how to approximate sets using tropical polyhedra
and prove the soundness of this approach. In Section |VI}
we demonstrate how to compute the backward reachable set
using the approximation method introduced in the previous
section. In Section we discuss how to improve the
efficiency of our algorithm for set approximation. Finally,
we conclude the paper in Section |VIII]

II. PRELIMINARY

In this section, we review some basic concepts in max-plus
algebra that we will use in the latter developments.

A. Dioid and Max-Plus Algebra

A dioid is a set M together with two binary operations
& MxM—= Mand & : M x M — M such that
@ is commutative and idempotent (a B a = a), and ® is
distributive over @. There are two elements € and e such
that a e =cPa=aand a®e =e®a = a. A max-
plus algebra is a special kind of dioid with D = Ry ,x =
RU{—00} or D = Zyax = Z U {—00}, together with two
binary operations @ : D xD — D and ® : Dx D —
D defined by a ® b = max(a,b) and a ® b = a + b. For
any a € D, we define (—o0) ®a = a @ (—o0) = a and
(—0) ®a = a® (—o0) = —oo. For simplicity, hereafter
we denote —oo as €. On D, we can define a metric given
by d(z,y) = |exp(z) — exp(y)|, with the convention that
exp(e) = 0. The closed sets and open sets are defined with
respect to the topology generated by this metric.

B. Semimodules and Sub-Semimodules on D

The Cartesian product of n copies of D, denoted as D",
can naturally be equipped with the operation & : D" x
D™ — D" of vector addition defined by (ai,...,a,) ®
(b1,...,bp) = (a1 @ by,...,a, ® by), and the operation
of scalar multiplication - : D x D" — D™ defined by

a-(b1,...,by) = (a®b1,...,a®b,). The tuple (D", ®,-) is
called a max-plus D-semimodule or simply a semimodule.
It is also equipped with a natural partial order defined by
r 2y <Vl <i<mn, z; <y;. The element ¢, =
(e,...,€) € D™ is the minimal element. A matrix A of
Dn*™ is associated with the linear map ¢4 : D™ — D"
defined by (bA(-'L')z = @;nzl Aij Qx; for x = (.%‘1, ce ,xm).
For the rest of the paper, we denote ¢4 (x) simply as
A ® x. Similarly, for a,b € D", the scalar product of a,b
is defined as (alb) = @), a; ® b;. A subsemimodule is
a subset S C D" such that p-z®d A -y € S for all
uw,A € D. For a vector z € D", we define the support
of z as Supp(z) = {i € [n] | z; # €}, where [n]
denotes the set {1,...,n}. For two vectors x1,x5 € D",
we have Supp(z; © z2) = Supp(z1) U Supp(xz). It is thus
possible to define the support of a subsemimodule: Let S
be a subsemimodule, we define the support of S, denoted as
Supp(S), as the largest possible support of a vector in S,
i.e., Supp(S) = U,cg Supp(x). Similarly, the topology on
D™ is the product topology; open sets and closed sets are
defined with respect to this topology.

C. Tropical Cones, Half-Spaces and Polyhedras

A tropical half-space (resp. affine half-space) .77 is a
subset of D" of the form ¢ = {x € D" | (alz) < (b]z)}
(resp. A = {x € D" | (a|]z) ® ¢ < (blx) & d}), where
a,b € D", c¢,d € D. A tropical cone (resp. a tropical
polyhedra) is an intersection of finitely many half-spaces
(resp. affine half-spaces), or equivalently, a set of the form
C={rxeD" | A®x < Bz} (resp. & = {z € D" |
AQe®dc< Bz ®d}) for A,B € D" and ¢,d € D",
which we denote for simplicity as € = (A, B) (resp.
P = ((4,¢),(B,d))). We call this kind of representation
an outer representation, or M-form of a tropical cone (or
tropical polyhedra). It has been proved by [23] that every
tropical cone % can be generated by a finite set, i.e.,

N
E'Ul,...,UNGCg, (g: {@/\l’l}l
i=1
(D

We call {v,...,vun} the inner representation of €, or its
V-form, and denote & as Span({v1,...,vnx}). Similarly, a
tropical polyhedra has an equivalent representation

N M
(D)o (Do
i=1 =1

Al,...,ANeD}.

M

j=1
2)
where v;, e; are vectors in D". We denote by ({v;}4,{e;};)
the inner representation (V-form) of a tropical polyhedra.
An algorithm for computing the generating set of a tropical
cone in its M-form is provided in [20]. Reciprocally, given
a set defined by formula (resp. by formula (2)), it has
been shown in [24] that it is also a tropical cone (resp.
tropical polyhedra). A method of calculating the V-form for
the tropical cone is provided in [24].
We define some notations: for a vector v € D", we
denote by ’U(Sk), y(zk), and v(2F <M) the vectors formed



by the first k coordinates, the last n — k + 1 coordinates,
and the coordinates with indices ranging from & to m of the
original vector v, respectively. For a matrix A, we denote
by AR ACF) and AZF<m) the matrices formed by the
first k£ columns, the last n — k£ + 1 columns, and the columns
with indices ranging from & to m of the original matrix A,
respectively. We denote by A|(=F):(S™) the matrix formed
by the first £ columns and the first m rows of A.

D. Difference Bounds Matrices

Define the regular algebra as the set R = RU{—o00, 00} X
{<, <} together with a linear ordre defined by (z1,~1) <
(Z’Q,Ng) iff 1 > x9 or x7 = x5 and (Nl,Nz) € {(<,<
), (<, <), (£, <)} It is equipped with the max-plus algebraic
operator @ defined by 71 ®ry = max(ry, 7o) for ri,rs € R,
and ® is defined by (z1,~1) ® (z2,~2) = (1 + T2, ~1
® ~g), with < ® <=<, < ® <=<, < ® <=<. The
neutral element for @ is (oo, <), and that for ® is (0, <)

Definition 1: A difference bounds matrix (DBM) is a
matrix with coefficient in R \ {(—o0c, <)}. For the max-plus
semimodule D" and M € R"™*"™ a DBM, define the region
associated to M by

ZM)= () {xED"
1<i,j<n

with the convention co 4+ (—o0) = co. Under this notation,
the intersection of sets of DBM’s form is easy to be ex-
pressed: Z(My) N % (Ms) = Z(M; ® Ms). In the suite,
we call for simplicity a set a DBM by meaning that it is
the region associated to some DBM. We say a DBM M is
closed if it only has < in its expression, open if only < in
its expression.

The Kleene star operator * is defined as M* =
Do, M®*, where M®* is the k-th power of the matrix
M under multiplication of max-plus sense, and M®? is
the identity matrix with (0, <) on the diagonal and (oo, <)
elsewhere. We can prove that Z(M) = Z(M™), the matrix
M* is called the canonical form of M, and the region
(M) is non empty iff all coefficients on the diagonal of
M* equal to (0,<). Let P? : D™ — D* be the projector
on the first k£ coordinates, then we have P} (Z(M*)) =
174 (M*‘(Sk),(ﬁk)),

There is some correlation between DBMs, tropical poly-
hedras and tropical cones. It can be showed that a closed
DBM is a tropical cone (of the form (A,Id)) and every
tropical cone is a finite union of closed DBMs. However, the
number of DBMs needed to express a tropical cone grows
exponentially in terms of the number of inequalities needed
to define it. We can also set up a link between tropical cones
and tropical polyhedras, as described in the following lemma:

Lemma 1: Let P C D" be a tropical polyhedra, then
there exists C C D11 a tropical cone such that

P={(z1,...,2,) €D" | (0,21,...,2,) €C}

which we denote abusively as P = C N D".
Proof: Consider the set

C={(\z2)eDxD" | AQ@zd - c=2BRaxdA-d}

where (m;,j,~; ;) = M, ;

Ti ~iyj M+ T }

which is a tropical cone in D1, It is immediate that P =
cnDr ]

This lemma states that a tropical polyhedra can be rep-
resented by a tropical cone, for a tropical polyhedra in D",
we can represent it with two matrices A, B € D?x(+h)
(M-form), or its generating set {v;}; C D""l. Some
calculation concerning polyhedras can thus be passed to
that concerning tropical cones. In the same way, we can
define a more generalized form of DBMs, which we call
an affine DBM, that are sets of the form % (M) N D™ with
M e R(+1x(n+1) - Ag tropical cones are union of finitely
many closed DBMs, it is immediate that tropical polyhedras
are union of finitely many closed affine DBMs.

III. PROBLEM FORMULATION

In the rest of this paper, the dioid D is supposed to
be Ryax. For clarity, we denote the natural order on the
semimodule D™ or D™ by =, and the order on D by <.

We consider a max-plus linear system defined by

Ty =ARTr_1 D B®uy, 3)

where x;, € D™ is the state at time k, up, € U C D™ is the
control input at time k with U/ be the set of feasible control
values, A € D"*" and B € D"*™ are two matrices with
coefficients in D.

Let E C D" be a region. The one-step backward
reachable set of E is defined by

T P(E)={zeD"|Juecl,A®2®Bouc E}

In this paper, we are interested in the calculation of the
reachable set of a special type of set E. Denote Z, C 27"
as subset of D" defined recursively in the following way:

S=0]2|8|8USy|S NS,

where /7 denote an affine half-space of .7#. The our problem
is formulated as follows.

Problem 1: Let . denote the system described in (3)
with the control region U € Z,,. Given S € 2, as
the target set, determine the region K = TS’B(S) (resp.
KW™) = (7/P)N(S)) as the backward reachable set in one
step (resp. IV step) of S.

Remark 1: Tt is noteworthy that S can alternatively be
defined as the union of finitely many affined DBMs (not
necessarily closed), and every affined DBM can be recur-
sively expressed in the aforementioned form. Nevertheless,
the recursive definition is retained herein to ensure clarity in
subsequent discussions.

Note that our problem considered can be solved by the
method of DBMs as mentioned in [17]. Take, for example,
the calculation of the set Tﬁ B($), the major steps are the
following:

1) Reform S into a union of finitely many affined DBMs:
2) Reform the system into an autonomous system xj =
F @ yj_1, where F = [A, B, yp—1 = [z} _,,u}]|T

3) Compute the PWA system for F



4) Compute the inverse image of each affined DBM by F'
with the help of the PWA system, denoted as F~*(X;),
which is a finite union of affined DBMs in D"**+™

5) Compute the intersection of F~1(X;) D™ x U

6) Compute the projection of each F~1(X;)ND" x U on
D™, denoted as Y;

7) Compute the union | J, Y;

However, the time complexity and space complexity of this
method is extremely large due to the exponential combina-
tions. Therefore, in this work, we provide a new method with
lower complexity but with some approximation to solve the
problem.

IV. BASIC IDEAS

In this section, we present the basic idea for approxi-
mating the backward reach set described in Section As
a representative example, consider the computation of the
set Tﬁ’B (E). The key steps of our method are as follows:
(i) We first transform the system z; = F ® yi_1 into
an autonomous form, following the approach used in the
DBM method. (ii)) We compute the pre-image of the target
set E under F, denoted as F~!(E). We then intersect
this set with D™ x U. The resulting set contains all pairs
(z,u) such that, starting from state = and applying control
u € U, the system transitions into the target region £ at
the next time step. (iii) We then compute an approximation
of the projection P+ (F~1(E)). This approach allows us
to avoid computing the projection P?+™(F~1(E)) directly,
which, to the best of our knowledge, can only be done
via piecewise-affine (PWA) system techniques and incurs
significant computational complexity. To approximate the
resulting reachable set, we choose tropical polyhedra due to
their compact computer representation and favorable math-
ematical properties. To approximate P (F~1(E)), we
introduce the notion of closure approximation: we show later
in the paper that the closure of this set, Pt (F~1(E)),
can be expressed as a finite union of tropical polyhedra.
A key technical observation is that the V-form or M-form
of Ppt™(F~1(E)) cannot be computed directly. However,
we resolve this issue by proving that P ™™ (F-1(E)) =
Prtm(F-1(E)), where the right-hand side is much easier
to compute.

V. APPROXIMATION OF SETS BY TROPICAL POLYHEDRAS

A principal challenge of our idea is how to give a
proper approximation for a set in %, by polyhedras. In this
section, we will describe the technical tool needed for such
an approximation, justify its reasonability and provides an
algorithm in the end for calculating such an approximation.

We first specialize a kind of subset of D": 2, c 27"
formed by subset of D™ that is a union of finitely many
tropical polyhedras. Since all sets in .2, is a closed set, we
have 2, C Z,. Now given a set S € %, our goal is to
design a relatively faster algorithm that approximate S with
sets of Z;, but with some errors that are negligible.

We define an auxiliary set 2 C 2D" whose element are
subset of D" defined in the following way:

S=0|]S ]S USs|SiNSs

where ¢ denote a half-space of D". Similarly, define 2,/ C
2P" as the set of all subset of D™ that are union of finitely
many tropical cones in D".

By lemmal|l|, we can prove that every set X € 2, (resp.
X € Z,) can be expressed as X = Y N D" for some
Y € Z! (resp. Y € Z.)). Thus intuitively, if we can find
an approximation of X € 2 by a set X' € 2./, then the
set X N D™ € %, can be approximated by X' N D" € Z,,.
The problem is thus transformed to approximating sets in
Z! by sets in Z,!. Notice that every set in 2 is a finite
union of DBMs, while every set in .2,/ is a finite union of
closed DBMs. As each DBM can be written as intersection
of set of the form {x € D" | x; ~;; =; + o ;}, where
~; i 18 < or <. A traditional way of approximating a DBM
by a closed DBM is to change all open sets of the form
{r € D" | 2; < z; + a; ;} into set of the form {z € D" |
x; < xj + «;;}, and the error of such an approximation is
just the set {x € D" | x; = x; + o, ;}, which is empty if
a; ; = +o0o and is a negligible hyperplan otherwise.

The previous discussion motivate us to defined the follow-
ing:

Definition 2: Let M € R™* "™ be a DBM, we define the
closed form of M, denoted as M, by replacing all the <
appearing in the expression of M by <.

For a simple DBM % (M), it can be approximated by Z(M).
Further more, the following proposition tell us that our
approximation method is also “topologically good™:

Proposition 1: If 2(M) is non empty, then we have

Proof: First note that for all 21,22 € Z(M), we have
r1®wg € (M) and supp(x1 ®xg) = supp(z1)Usupp(z2).
We can thus find an © € Z(M) that is of full support: for
all index i < n, x; =¢ = Yy € Z(M),y; = e. To simplify
without loss of generation, we suppose that supp(x) = [n], in
this case the term (—oo, <) will not appear in the coefficient
of M. We first prove that Z(M) NR" = %(M) NR™. The
C is immediate. Let y € Z(M) N R", and conxsider the
sequence {z, = +.o+ (1— 1) .y}k€Z>0 where “.” denote
the usual multiplication by positive scalar. The sequence is
contained in Z(M) NR™, this is because if z; < z; + o ;
and y; < y; 4+ ; for some o ; € RU{+00}, then (A\.z; +
(1=N).y;) < (A\zj+(1—=A).y;)+a; ;. As z; converges to y,
we conclude that Z(M)NR"™ D Z(M)NR"™. Now we prove
that Z(M) = %(M). 1t suffice to prove Z(M) D Z(M).
Let = be in (M) and we wish to show that = € Z(M).
Take y € (M) NR", then the sequence {z; = = ® (—k) -
Y} ez, converge to x (the “-” denote multiplication in max-
plus sense), and as (—k) -y € R"NZ(M) CR"NRZ(M),
we have 2, € Z(M)NR™ = Z(M)NR". z is the limit of
2k, thus © € Z(M). [ |
We can now derive our first method of approximating sets
in Z by set in Z;: take a set X € %, denote X
as X = (), Z(M;) with all Z(M;) non empty, then an




approximation for X is given by X' = |J, Z(M;), and
what’s more, X’ is exactly the topological closure of X.

Although we succeed in approximating X by a union of
tropical cones (since every DBM is a tropical cone), this
method can be very complicated since the number of DBMs
needed to represent a tropical cone can be exponentially
large. In the following we will represent a less complicated
approximation method, which is in fact equivalent to this first
method described here. We first present the following useful
lemma which is essential of our approximation theory.

Lemma 2: Let X be a union of finitely many DBMs, and
Y be a union of finitely many open DBMs (all DBM are of
region non empty). Then we have

XNYy=XnY
Proof: ~Denote X = J._,#(M;) and ¥ =
U] 1 Z(N;), with N; open DBMs. Then we have X NY =
U”,X U, Z(M;) and XNY = Ui ; Z(M;)NZ(N;). It
suffice to prove that for all 4, j, we have Z(M;) NZ(N;) =
HZ(M;) N Z(Nj). As N; is a open DBM, the region asso-
ciated Z(Nj) is also open. We have thus Z(M;) N Z(Nj)

is non empty iff Z(M,) N Z(N;) is non empty. The case
both sets are empty is trivial. Suppose that they are both non

empty, then we have Z(M;) N Z(N;) = Z(M; ® N;) =
X(M; & N;), and Z(M;) N Z(N;) = Z(M;) N %(N;) =
R (M; & Nj) = Z(M; © N;). [

Note that all set in 2! can be rewrite as a finite union of
sets of the form £ = JA4 N--- NG, NHS Ly - TO8 10,
where 7] are tropical half-spaces. It suffice for us to give an
approximation for each one of these sets. Our principle idea
is to do the calculation step by step: first we calculate a V-
form of 71 N ---N A, N JS |, then we calculate that of

JAN---NIG, N :%’jﬂ_H N <%pk'1+1’ we iterate until we meet
%‘jle% As H,¢ ., is a finite union of open DBMs, we can
simplify the set thanks to lemma [2} and finally we will get
the closure of I as the approximation of £ with this method,
thus the novel method is equivalent to our first method. The
following theorem tells us how calculate the V-form of in-
termediate sets such as J# N --- N A, NS NHL .

Theorem 1: Let ¥ C D™ be a tropical cone with 1} its
set of generating vectors. Let 7 = {x € D" | (a|z) <
(blx)} be the half-space in D™ where a € D™\ {e,}. We
suppose in addition that € N 2#° N R"™ # (). Then the
topological closure of the tropical cone ¥ NJZ¢ is generated

by the following set

Voo ={v € Vo | (bJv) < (a]v)} U {(b|w) ~v @ (alv) - w ’
v,w € Vo, (blv) < (alv), (ajw) < (b|w)}

i.e. Span(V,,) = € N -

Proof: Before proving this theorem, we first provided
a fact that is useful in the following: Let .# = {z € D™ |
(aJz) < (blx)} be a half-space, a generating set for the

tropical cone ¥’ N .Z is given by

V={veW|veZF}U

{(alw)v ® (blv)w |v,w €V, vE F, w¢ F}

This is a direct application of [20, theorem 14].
Now we prove the theorem. Firstly, one verifies quickly
that

HNR" = {z € D" | (a|x) > FNR"

(blz)}R" = | J

k€Z>o

where %, are half-spaces defined by

Ty ={z € D" | (alz) > (blx) +1/k}
={zeD" | (alz) > (0™ |x)}

and b*) is defined as b(*) = (by+1/k,...,b,+1/k). This is
because for x € R™, we have (a|x) € R, thus (a|z) > (b|z)
is equivalent to 3k € Z~, (alz) > (blz)+1/k. Denote F' =
(U,@ez>0 Jk) N%, then we have FNR™ = ¢NJZ°NR". By

taking the closure in R", we have FF N R"” = € N s7¢ N R~.
Remark that R™ is an open set in the metrizable space D",
let F' denote the closure of F in D™, we then have FNR"™ =
FN% and similarly, € N #°NR? = ¢ N NR™

We have

FNR"=FNAHNR" #£(

We can also derive that F = @ N J#¢. This is due to the
fact that if P, (Q are two closed semimodules in D™ such
that PNR"™ = Q NR"™ # (), then P = Q. To prove this, let
€ PNR" = @QNR" and y € P, then the subsequence
{(=k).2®y}rez., € R*"NP = R"NQ converge to y, which
means that y € Q. It suffice for us to find the generating set
for F' = <Uk€Z>o 9}) ne.

We remark that for all k € Z~¢ we have %), C Fp41.
Define V}. as

Vi ={v e Vo | (blv) < (alv)}

U{((b|w)+;>~v@(a|v)~w’

vow e Vo, () < (alv), (alw) < <b|w>}

For v € V, such that (bjv) < (a|v), there exists N, > 0
such that for all k¥ > N,, we have v € %, and for all
k € Z~, we have (a|w) < (blw) = w ¢ Fy. Now let N =
Max,evy, (blv)<(alv)(Nov), then N < 400 since set Vp is
finite. From the fact presented in the beginning of the proof,
we know that for £ > N, the finite set V} is a generator of
¢ N Z,. Now consider the tropical cone Span(V). First
we prove that Span(V) D F. Let x € (UkeZ>0 ﬂk) née,
then there exist k € Z~( such that x € % N €. We can
suppose that k is large enough that ¥ N % is generated by
V. x can thus be written in the following form

x—@/\ u@@xw [(b|w ]16) U@(av).w}



where A, and A, , are elements in D indexed by the sets
{veVy | (blv) < (av)} and {w € Vo | (b]v) > (alv)}. We
then proceed to rewrite x as a combination of elements in
Vo

r=PNvd P rw [(blw)v® (alv)w] @
where X, is defined as A, = A\, P, (A, + (blw) +1/k),
which proves that € Span(V,). It remains to prove that
Span(Vy,) C € NJ#°. Take an element © € Span(Vy)
described as in formula |4] and define z, as

T = @ Noo@ Qg Ao K(b|w) + ;) 2@ (a|v).w}

then for £ > N, x, € ﬁk CcC Je. {ﬁk}kZN is thus
a sequence in ¥ N ¢ By continuity of the max-plus
operations max and +, we have zy, ]H—OO> x, which proves
that x € € N <. |

Remark 2: We remark that a critical condition of theorem
[T)is that the set €'N.7"°NR™ is supposed to be non empty. We
shall be able to determine this kind of situation in practical
use. Remark that the fact Span(V,) NR™ = € NN
R™ still holds even if we remove this non-empty constraint.
Thus we can check the emptiness by regarding the set Vi, if
@D, ey, v is not of full support, meaning that Span(Va) N
R” = €NscNR™ = (), the later is equivalent to € N
¢ N R™ = (). If unfortunately, we encounter cases where
¢ N NR" =, we can restrict 4 and ¢ to smaller
support such that the hypotheses of theorem [I|becomes valid.
We describe how this works later in an algorithm.

Remark 3: For 7 = (a,b) such that a = ¢, then S =
D™ and S#°¢ = (), it is thus a trivial case.

We now provided an example showing the necessity of
considering the set ¢’ N ¢

Example 1: Consider the tropical half-space .7 given by
H = {(x1,22) € RZ . | max(x1 + 1, 29) < max(z1,72)}.
It is immediate to verify that .7 is in fact the set {(x1, z2) €
Rmax | #1 + 1 < z3}. Note that the half-space .72 =
{(z1,22) € R2, | max(z1 + 1,72) > max(z1,22)} which
keeps the same definition of .7 except that we have switched
the < in the formula into >. One can find out quickly that the
set " is exactly the whole space R2,, , which is of no inter-
est and has nothing to do with the set ¢, Now let’s follow
the method in the proof of lemma [l| and search a generating
set for 7. Now the set Vj = {(0,¢), (¢,0)}, let a = (1,0),
b= (0,0), v =(0,¢), w = (¢,0). One verifies quickly that
Voo = {(0,8)} U{(blw).v ® (a|v).w} = {(0,¢),(0,1)}, and
Span(V) = {(w1,22) € R2,. | o1 + 1 > a2}, which is
the closure of J#¢ = {x € R2 |21+ 1> 22}.

Now for a set E of the form £ = 54 N--- NI, N
Ko w1 - I 4, (where the s denote tropical half-
spaces), we proceed the following method to compute the
V-form of a tropical cone that approximates the set £

1) We first compute a generating set V' of the tropical
cone 6p = S N--- NI, with the method described
in [20]. We let J be the support of &

2) For i ranging from 1 to k5, compute the set V, for the
tropical cone ¢; and the half-space J%;, +;. If voo =
@D, ey, v is not of full support, i.e. supp(ve) & J,
we redo the calculation by restricting 6 and .7¢ on
the support of v, until we finally get some v, of full
support. We update J by the support of Span(Vs) =
©; N A and V by V.

3) Return the final V' which is a generating set for the
restriction of %%, on the support J, the generating set
for %}, is obtained by padding all vectors in V into
vectors of D™ with e.

Remark that the “while” process in step 2 of the algorithm
will terminate since the support J is strictly decreasing.
Further more, as we always have Span(V,,) 2 %; N %”k‘l 4is
the support of J7 ,, is always contained in the variable
J during the iteration, which will finally be J in a finite
number of steps. We have been cutting off the dimension of
the system until that the condition required by theorem [I] is
verified.

As J ,; is a union of open DBMs, by lemma 2} we can
prove by induction that £ = Span(V).

VI. THE REACHABILITY ANALYSIS FOR MPLS WITH
APPROXIMATION

In this section we focus on the calculation of reachable
set £ as described in the section We first show how to
calculate the closure of Tﬁ’B (E) as its approximation. For

N
the set TZ‘?{’B (E), we remark that it is just the reachable
set in one step of the system

zp=A" @zp_1® B Quy

where A’ = A®N and B’ = [B|A®N ® B|A®WV-1 g
B|...|A® B|B].

Remark that S’ can be rewritten into the union of finitely
many set of the form J#1 M- - - NI, N - NI L4,
where each 7] is a tropical affine half-space. The latter can
be rewritten into the form E = {z € D" | C; ® (0,z) =<
Dy ® (0,z), Co ® (0,2) < Dy ® (0,2) @ fa}. The set
TZ’;"B(E) can be written as

Jueld, z=AQxdBRu
zeD"|C1®(0,2) X D1 ®(0,2)
Cy®(0,2) < D2 ® (0, 2)
There exists matrices F, G such that Y = {u € D™ | F ®

(0,u) = G® (0,u)}. By reformulating the expressions, we
can find matrices K1, Ko and Ly, Lo such that

1,2 (EB) =

Ju € D"
T P(E)={2zeD"|K @ 0,z,u) < L ®(0,z,u)
Ky ® (0,z,u) < Lo ® (0,2, u)

explicitly, K1, Lq are given by

|V e eA| o w8

Ky = FO & | FCD




D" | DP9 A | DY ¢ B
G ‘ £ ‘ F=2)

where the matrix £ has all its coefficients equal to €. The
matrix Ky, Lo are given by Ky = [02(1)’ Cézz) RA, 02(22) ®
B]’ Ky = [D£1)7 D§22) ® A, D§Z2) ® B]

From this point of view we can find out that Tf)’B(E) isin
fact the projection on the first n-coordinates of the following
set

P= {zeD”*m

K1 ®(0,2) = L1 ®(0,2)
Ko ® (O,Z) < Ly ®(0,2)

Let P?*™ be the projector of D" on its first n-
coordinates, then Tﬁ’B (E) = P*t™(P). P can be rewritten
as F N D™ with F C D"+l of the form F =
AN 0y NS I, Then PR™(P) =
Prtm(F D) = PRttt (F) N D

We aim to find an approximation for the set P (P). As
described in section [IV] we would like to calculate the clo-
sure of P71 (F) by the alternative method of calculating
firstly the closure F' of F' then project F onto D"*!. This
is because PI'T7" T (F) is exactly the closure of PI'T7" !,

Indeed we always have P 7"+ (F) 2 P 11" (F), because
Prt7 ! (F) is a tropical cone (thus closed) containing

PN (F). And for z € PR (F), there exists u € D™
k— 400

and a sequence (xg,ux)x € F such that (x,ur) ————
(z,u). As z, € PPTTHY(F), we have 2 € PR (F). With
this reasoning, we have Ppt"(P) = PII7 ! (F)nDr =
P (F) N D = PR™(P). The following diagram
illustrates this fact more clearly.

closure nl
F

F—

P" +m

n

P (F) S5 prem(F)

nm
IP’!L

The V-form of the set Pt (P) can thus be obtained in
the following steps: 1. Get the V-form of P = F N D™+
through the method described in section 2. For every
generating vector of P, project it onto the first n coordinates,
the collection of these vectors is then a V-form of Pji " (P)
which is an approximation of P, ™™ (P).

Remark 4: A remarkable fact is that for the case £ =
JA N -+ N A, (meaning that k; = 0), then we have
Tz‘j’B(E) = TZ‘;"B(E), there is no approximation. The
control strategy is stored in the V-form of P. Denote
({vi}i, {e;};) the V-form of P, then (as described in [16])
given x € Tl‘j’ (S), by the residuation theory we can
find (A;);, (uy); such that P;pu; = e and 2 = P, A; -
vESn) oP 1 ~e§§n). A possible control u is then given by
u=@, N\ v g D, n - eg-Z"H). However, for the
case F is not a closed set, i.e. ko # 0, the control strategy
u obtained by the residuation theory can not garantee that
ARxz®B®ucE.

VII. IMPROVEMENT OF THE ALGORITHM

A point z in the tropical cone ¥ is said to extremal if
Ya,b € €, x = a®b= x = aorx = b. Every tropical cones
is generated by its scaled extremal points, when calculating
the V-form of &, we simply need to keep the extremal points
in the representation, which can reduce the complexity to a
large extent. [20] have provided an efficient way of deciding
whether a point v € ¥ = (C,D) (C,D € DP*") is a
extremal point by considering the tangent cone at v. Here we
give the definition of the tropical version of tangent cone:

Definition 3: Given a subsemimodule ¥ C D™, and
v € P a vector, then the tangent cone 7 (v,%) is a
subsemimodule in D" containing 0 and stable under the
usual multiplication by positive scalars and is s.t. there exists
a neighborhood N of v, NN 2 =N N T (v, D).

Remark that this definition does not depend on the choice of
N and the tangent cone at a point is unique. For the tropical
cone € and v € € we have T (v,%) :=

ﬂ rzeD" @ z; < @ zj

r, (Crlv)=(D,|v)>e icargmax(Cr|v) j€argmax(Dr|v)

The set argmax(c|v) is defined as {1 <i<n|¢ v, =
(clv)}. Whether v € % is an extremal point is totally
decide by .7 (v, ¥). In fact, v is extremal iff O is extremal
in 7 (v,%). Let G(v, %) be the hypergraph associated to
T (v,%) as defined in [20], then v € ¥ is an extremal point
iff G(v, %) has a maximal strongly connected componenet.

As showed in [20], we can suppose for simplicity that v
is of full support.

We wish to decide for v € € N J2Z¢, whether it is an
extremal point. We distinguish two cases: 1. The vector v
is contained in ¢, ie. (blv) < (alv). 2. The vector v
is s.t. (a|v) = (bJv). For the first case, v is an extremal
point in ¥ N J#¢ iff v is an extremal point in %. In fact, let
T (v, %) be the tangent cone of ¢ at v, and define A" as the
open neighbourhood of v formed by z € D" verifying the
followings:

1) (Crlz) < (Dy|x) for all r € [p] such that (C,|v) <

(Dy|v).

2) argmax(Cy|z) C argmax(Cylv)  and

argmax(D,|z) C argmax(D,|v).

3) (blz) < (alx).
then it can be verfied that for z € N, x belongs to € N.J#¢ iff
x € v+ (v, ). Since v+.7 (v, %) is a closed set, by taking
the closure we have ¥ N NN = (v+ T (v,€)) NN.
This means that the tangent cone of ¥ N ¢ at v is exactly
T (v,€). That v is extremal or not in ¢ N ¢ is totally the
same as for v in €.

The difficulty lies in the second case. To the author’s
knowledge, we can only decide quickly only a part of vector
that is extremal, for the rest we will have to use the brutal
force to decide wether they are extremal points or not.
Suppose now v € ¥ N ¢ is one of the vector of Vi
provided by theorem |I} We wish to determine whether v
is extremal in ¢ N Z°. The tangent cone of ¥ N JZ° at v



have the following expression:
T, €NH)=T(v,¢)NT (v, H°)

and 7 (v, 2°) = {z € D" | Dicargmaxpjo) Ti <
D caramax(alv) £j}- To prove this, first notice that the tan-
gent cone of the intersection of two semimodules at a point
v is the intersection of the tangent cones of each semimodule
at v, it suffice to calculate the tangent cone .7 (v, 5°).
Consider the open set N/ whose elements are x € D"
such that argmax(b|cz) C argmax(b|v) and argmax(a|z) C
argmax(a|v), it can be verified that NN = #°N{x €
D™ | @iEargmax(b\v) z; < @anrgmax(a\v) xﬂ} However
it is not easy to decide the form of the tangent cone
T (v,%ﬁ%ﬂc) = J(v,€NsC), to deal with this, we
will enlarge the set a little, with the risk of loosing some
authenticity. Here we describe our method: Note that the set
T (v, 2°) = {z € D" | @icrvi < Djcyx;} (Where
I = argmax(blv), J = argmax(a|v)) can be rewritten
as T (v, %) = {z € D" | Pic;vi < Bjepszih
whose closure can be written as .7 (v, #¢) = {x € D" |
Dicrzi < Djcpszit As we have T (v, ¢ NAH*C) C

T (v, %) N T (v, 7°), where the latter is a closed tangent
cone of v. If 0 is extremal in 7 (v,%) N T (v, ), it
can not be written as sum of two vectors different from 0,
thus 0 is also extremal in 7 (v, ¥ N J°), meaning that v is
extremal in the closure of ¥ N JZ¢. We have thus designed
an algorithm that can recognize part of the vectors v € V
that is an extremal point. For the rest of them, we can only

use the brutal force to decide whether it is an extremal point.

VIII. CONCLUSION

In this work, we addressed the challenging problem of
computing backward reachable sets for max-plus linear sys-
tems from general non-convex target sets. We proposed a
new framework that approximates such sets using tropical
polyhedra, leveraging their algebraic and geometric structure
to reduce computational complexity. By reformulating the
problem in terms of set operations and closure approxima-
tions, we avoided the exponential complexity of traditional
DBM-based methods. Furthermore, we developed techniques
for generating inner and outer representations of tropical
polyhedra, and applied extremal point filtering to improve
efficiency. Our approach supports a broader class of target
sets beyond traditional polyhedral constraints and offers a
practical tool for safety verification and control synthesis
in max-plus systems. Future work may explore tighter ap-
proximation bounds and integration with controller design
frameworks.
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